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We show that he recently observed third order zero temperature d confining transition at 4/g 2 .~ 2.475 (and maybe at 4/g 2 ,~ 2.56 )
is non-existing; we argue that its discovery is based only on insufficient statistics. 
The phase structure of  SU (2) pure gauge theory is 
certainly one of  the best studied subjects in the realm 
of lattice gauge theory. This is related to the fact that 
this simple model presents many characteristics re- 
quired by QCD, with the major advantage of allow- 
ing for good statistical results within a reasonable 
amount of computer time. 
The common lore about the phase structure of  
SU(2)  pure gauge theory [ 1,2] is that it exhibits a 
relatively rapid crossover from a region well de- 
scribed by a weak coupling expansion to a region well 
characterized by a strong coupling expansion. A non- 
zero string tension is detectable all along this cross- 
over region which, together with the observation of 
an exponential dependence of the inverse coupling 
constant in the weak coupling region [1 ] enforced 
the belief that confinement was a basic feature of  this 
theory. 
However, recently some doubts have been shed 
over this picture. First, Gr ibov [ 3 ] presented an ar- 
gument according to which the renormalized cou- 
pling could tend to a finite value with increasing 
distance, that is, that there could be an infrared fixed 
point of the renormalization group fl function for a 
finite value of the coupling. This seems to imply the 
existence of an addit ional critical point. Secondly, 
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Grady [ 4 ] has suggested, by studying numerically the 
(pseudo) specific heat 
c= -,82 (o/o/~)P, ( 1 ) 
P=I -½(Tr  Up) , (2) 
where f l= 4/g  2 and P is the plaquette average or the 
internal energy, that there should be a third order zero 
temperature phase transition at f l~2.475. This au- 
thor also suggested that the existence of this phase 
transit ion might be an explanation for the apparent 
lack of asymptotic scaling in the crossover region [ 5 ]. 
Finally, the possibility of additional critical points has 
also been more considered by other authors [6 ]. 
It is important o emphasize that if the string ten- 
sion (or - what amounts to the same - the correla- 
tion length) is the only scale of  the pure gauge theory, 
then it must vanish at any critical point of the theory. 
The existence of a phase transit ion at some finite 
value of the coupling implies then that the theory does 
not confine for all values of the coupling constant - 
i.e., this transit ion would be a deconfining one. It 
clearly is of  the utmost importance to decide on the 
existence or non-existence of such a phase transition. 
The purpose of this letter is to show that there is no 
indication whatsoever for such a phase transition in 
the region of couplings proposed in ref. [4]. 
To compute plaquette averages on 12 4 and 164 lat- 
tices we have used a vectorized full group heatbath 
program, which took 5.6 gs per link on a CYBER 205. 
For the thermalization we discarded the first 1000 
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sweeps after an ordered start at each 4/g  2 value. Our 
results are presented in table 1. We found that if the 
number of sweeps is about 2000 on a 124 lattice the 
error in the plaquette value is of the order 0.0003, i.e. 
not even the fourth digit of P is known. If one intends 
to calculate the specific heat from P by building dif- 
ferences in P and dividing by the corresponding Aft, 
then of course a much higher accuracy is needed. 
Therefore, we have performed 35000-75000 (at 
f l=2.475 and 2.55 - the "critical" points - 95000) 
iterations on the 124 and 15000-30000 iterations on 
the 164 lattice. That reduces the errors on the average 
plaquette values to (4 -8 )× 10 -6. There is still a fi- 
nite size difference between the 124 and 164 lattice 
results, the main part of which we can take away by 
subtracting the known O (g4) weak coupling expan- 
sions [ 7 ] on the two lattices from P 
Pr=P-P , , , c  , (3) 
where 
P~w~ 2)= O. 749964/1/+ O. 1513479/fl 2 , (4) 
Table 1 
Table for plaquette 
measurements• 
values. N represents he number of 
4/g 2 P AP N 
(X 10 s) 
124 2.4500 0.3583943 0.64 48300 
2.4625 0.3556966 0.75 34000 
2.4750 0.3530633 0.44 94000 
2.4875 0.3505094 0.72 34000 
2.5000 0.3480089 0.57 54000 
2.5250 0.3431429 0.48 74000 
2.5500 0.3385481 0.41 94000 
2.5750 0.3341388 0.45 78000 
2.6000 0.3299055 0.45 74000 
2.6250 0.3258098 0.44 74000 
2.6500 0.3218713 0.64 34000 
164 2.4000 0.3699898 0.70 14000 
2.4250 0.3640542 0.68 14000 
2.4500 0.3584122 0.67 14200 
2.4750 0.3530839 0.65 14000 
2.5000 0.3480464 0.46 26000 
2.5250 0.3432319 0.62 14000 
2.5500 0.3386428 0.42 29000 
2.5750 0.3342358 0.59 14000 
2.6000 0.3299673 0.40 29000 
2.6250 0.3258785 0.57 14000 
p(wlc 6) = 0.749988/fl+ 0.1513711/f12. (5) 
In fig. 1 we show these reduced plaquette values cal- 
culated from our data. The curves are smooth and 
show no structure which might indicate a transition. 
The specific heat 
Cr=C-Cwc,  (6) 
which was calculated from the Pr-values by differ- 
ence quotients i plotted in fig. 2. To guide the eye we 
have connected the 164 results by straight lines; the 
124 points are seen to agree very well with the 164 
results. Again no structure is seen. If we plot our 124 
averages from the first 10000-15000 iterations, we 
may also discover structures in Cr, which however 
disappear with increasing statisics. For comparison 
we have included in fig. 2 the Cr values as obtained 
from the plaquette averages of Campostrini et al. [ 8 ] 
on a 164 lattice, which were cited by Grady [4] in 
support of his transition hypothesis. Because of their 
low statistics (300 thermalization sweeps, 200 mea- 
surement sweeps) the data from ref. [8] show of 
course some noisy structure, which is however 
irrelevant. 
To further support our findings we show in figs. 3 
and 4 the the plaquette distributions atthe "critical" 
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Fig. 1. Reduced plaquette values on 124 (/', ) and 16 4 (0 )  lattice 
versus 4/g 2. The circles have been connected by straight lines to 
guide the eye. 
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Fig. 2. Reduced specific heat versus 4/gZ; the notation is like in 
fig. 1. The values ofref. [8] are denoted by crosses• 
4/g2 = 2.55 (on the 164 lattice) together with gaus- 
sian fits. Evidently, there is no indication to any tran- 
sition since the distributions are well represented by 
gaussians. 
Let us finally comment on the possibility that 
Wilson line measurements onasymmetric lattices [9 ] 
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Fig. 3. The frequency distributions for the plaquene values at 
4/g2=2.475. The plot contains every tenth measurement of a 
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Fig. 4. The frequency distributions for the plaquette values at 
4/g2=2.55. The plot contains all measurements of a 29000 iter- 
ations run on a 164 lattice. The line is a gaussian fit to the 
histogram. 
support the existence of the "crit ical" point at 
f l=2.475 and do not show the usual finite tempera- 
ture phase transition. It was argued in ref. [4] that 
on a rather large spatial volume lattice (here 183 ) the 
Wilson line average below the transition point should 
be essentially zero. As is well known [ 10 ], on a finite 
lattice there is no true order parameter. It is usually 
approximated by taking the average of the modulus 
of the lattice average of the Wilson line, which of 
course never becomes zero on a finite lattice, even 
below the transition. The Wilson line average itself 
would become zero everywhere, also above the tran- 
sition, if enough iterations would be performed. Apart 
from that, the ratio of the number of points in space 
to the one in time direction determines whether a 
volume is relatively large or not and whether the de- 
confinement transition point can be easily identified. 
We have shown that there is no evidence for a third 
order zero temperature phase transition for SU (2) 
lattice gauge theory in the range 2.45 <f l< 2.60. To 
prove the existence of such a transition is always very 
difficult. Data with low statistics will, of course, al- 
ways exhibit some structure. If one does not check 
then that this structure persists or even becomes 
stronger with much higher statistics, any conclusion 
on these data remains premature. 
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